We analysed the dynamics of the positively charged ions of diatomic molecules (X + 2 and XY + ), in which the bond is realised by a single electron. We assumed that the atomic cores separated by a distance R were subjected to the external excitation of a harmonic type with the amplitude A and frequency Ω. We found the ground states of ions using the variational approach within the formalism of second quantization (the Wannier function was reproduced by means of Gaussian orbitals). It occurred that, on the account of the highly non-linear dependence of the total energy on R, the chaotic dynamics of cores induced the chaotic evolution of the electronic Hamiltonian energetic parameters (i.e. the energy of the electron orbital ε and the hopping integral t). Changes in cation masses or in the charge arrangement does not affect qualitatively the values of Lyapunov exponents in the A-Ω parameter space.
I. INTRODUCTION
While analysing the results of the conventional deterministic chaos theory, one can notice that the complicated dynamics of a physical system does not necessarily results from its intricate structure. Much more significance should be attached to the presence of the nonlinear interactions in the examined system, because they can lead to the exponential divergence of the initially close trajectories in the phase space. Let us recall the example of a three-body system with gravity interactions, which was examined in detail e.g. by Poincare [1] (see also [2] ). Similar simple system modeling (Lorenz equations) was succesfully applied also to the phenomenon of thermal convection [3] or to the dynamics of the Belousov-Zhabotinsky chemical reaction [4] . And the extremely simple system of this kind is the periodically accelerated pendulum for which the gravity force component implying the motion is proportional to the sine of the swing angle [5] .
The conventional chaos theory is fairly well established by now and its results are presented in many scientific treatises [6, 7, 8] . On the other hand, for the case of quantum systems, which are described in much more sophisticated way than the conventional ones, we cannot speak of full understanding of their dynamics yet [9, 10, 11, 12] . The researches carried out so far seem to suggest that there is no quantum system which would be-have in a chaotic way (i.e. the one exhibiting a continuous power spectrum or deterministic diffusion) [6] . This fact can be checked by studying the example of the Arnold's quantum transformation [13] or stricken quantum rotator [14] . However, these quantum systems, which on approach to the boundary of validity of the conventional theory exhibit chaotic behaviour, have their wavefunctions distinctly different from the systems with regular behaviour at the same boundary. The wavefunctions of a free particle in the stadium and in the circle can be compared as an example [15] . The reason for suppression of chaos in quantum system is said to be the finite value of the Planck constant (h), which along with the Heisenberg uncertainty principle introduces the indistinguishability of points in the 2N -dimensional phase space contained within the (h/2π) N volume.
The presented work analyses the dynamics of positively charged ions of diatomic molecules (X + 2 or XY + ), which atomic cores are subjected to the harmonic excitation. The considered systems are rather unique from the chaos teory point of view, because they consist of two correlated subsystems of very simple structure: the conventional one (the atomic cores or -in the extreme case of hydrogen -protons) and the purely quantum one (the electron). Let us notice that this description of a molecule is based on the Born-Oppenheimer approximation [16] , which makes use of the fact that the atomic cores can have thousands of times greater mass than a single electron. Therefore their motion is slower by several orders of magnitude than the motion of electrons. Reversely, electrons adapt themselves 'immediately' to the changed position of cores. Because of this one can examine the influence of the chaotic dynamics of atomic cores, result-ing from the existence of a highly nonlinear internuclear potential, on the time evolution of the parameters of the electronic Hamiltonian (energy of the electron orbital ε and the hopping integral t). This does not mean that the quantum subsystem (the electronic one) will evolve in a chaotic manner. Nevertheless it will respond to the behaviour of atomic cores, so that the model described here can serve as a basis for investigation of the changing dynamics of electrons in order to determine the influence of the chaotic evolution of the core subsystem on the quantum electronic subsystem.
The structural simplicity of the considered systems is well worth attention, since it plays a considerable role. It enables to perform complicated quantum-mechanic calculations with the utmost accuracy (which is demanded in quantum chemistry) [16, 17, 18, 19] . We performed calculations for the presented work with an accuracy to six decimal places.
It is worth noticing that during the performed analysis we took into account cations with different core masses and the asymmetric charge distribution between the cores. It allowed us to show the universal character of the chaotic behaviour of cores in the whole family of diatomic cations with the molecular bond realised by a single electron.
II. DESCRIPTION OF THE GROUND STATE OF CATIONS WITH ONE-ELECTRON BOND
Let us consider ions composed of two either identical (X) or different (X and Y) atoms, while we regard their atomic nuclei with the inner shell electrons as the atomic cores. The effective charges of these cores are Z 1 and Z 2 , where Z 1 + Z 2 = +2 (in atomic units). The atomic cores are bound to form a molecule by means of a single electron. In the considered case either the X + 2 or the XY + cation arises. The simplest example od such a system is the H + 2 molecule [20] , however the core charge asymmetry does not occur there (Z 1 = Z 2 = +1). But the above presented description can also be applied to the more complicated systems, e.g. hydrides of elements from the 1 st and the 17 th group of the periodic table.
Let us take into account the total energy of an exemplary diatomic cation: E T = E c + E e , where E c = 2Z 1 Z 2 /R, represents the energy of the core-core interaction (R stands for the intercore distance R = |R|). The energy of the electron orbital in the ground state is denoted by E e symbol. It can be calculated with the use of Hubbard Hamiltonian written in the second quantization notation [21, 22, 23, 24] :
where:n j = σn jσ ,n jσ =ĉ † jσĉ jσ andn ijσ =ĉ † iσĉ jσ . The symbolĉ † jσ (ĉ jσ ) represents the creation (anihilation) operator referring to the electronic state of the spin σ ∈ {↑, ↓} on the j th core. The energetic parameters of the Hamiltonian should be calculated numerically directly from their definitions [25] :
The symbol Φ j (r) denotes the Wannier function:
where the normalisation constants take the form:
The overlap integral (S) can be determined from the formula:
the Gaussian orbital is given by the expression:
and α is the variational parameter. It is worth noticing that the the Hamiltonian (1), despite its simplicity, takes into account all contributions to the energy of the electron orbital due to the fact that we consider cations with the one-electron bond. In the case of a multiple bond, the energies of electronic correlations should be additionally included.
For the simplest case of the double bond they comprise the on-site Coulomb repulsion U , the energy of the intersite Coulomb repulsion K, the exchange integral J, and the energy of correlated electron hopping V . These quantities are thoroughly discussed e.g. in [24] . The electronic Hamiltonian in matrix notation takes the form:
for the basis assumed as follows:
We introduced the notation |w x , s >, where w denotes the maximum number of electrons at the site A (x = A) or B (x = B). The symbol s represents the resultant spin (s ∈ {−1/2, 1/2}). The notation |0 >= |(0, 0), (0, 0) > describes the vacuum state. It should be clearly stated that the second quantization formalism is absolutely equivalent to the formalism of wave mechanics introduced by Schrödinger [26, 27, 28, 29] .
The eigenvalues of theĤ e Hamiltonian can be calculated analitycally:
It can be easily seen that the ground state is the degenerated one, this being related to the existence of two directions of the electronic spin projections. The degeneration can be removed by the constant external magnetic field (H) applied to the cations: [30, 31] . The eigenvectors have the form:
We introduced some auxiliary designations in the above formulae, namely:
The first step of the analysis focuses on the case of charge symmetry (Z 1 = Z 2 = +1). Figure 1 presents the total energy of the ion versus the intercore distance R (again for the case of H + 2 , while the selected Wannier function comprises the 1s Slater-type orbital [19, 32] ). The E T (R) function exhibit a characteristic mimimum at R 0 = 2.85818 a 0 of a value equal to E 0 = E T (R 0 ) = −1.09797 Ry. From the physical viewpoint R 0 determines the equilibrium distance of the system, which corresponds to the dissociation energy E D = E 0 −lim R→+∞ E T (R) = −0.24658 Ry. For the H + 2 ion, we came to the following estimates: R 0 = 2.00330 a 0 , 
Degeneration of the ground spin state leads to the identities: E1 = E2 and E3 = E4. Distribution of the electronic charge in the equilibrium state of the cation (R = R0) is shown in the background. [20] . The inset presents electronic energy levels of the X + 2 ion, for illustrative purposes. The red line corresponds to the twice degenerated ground state (|1, 1 > and |2, 1 >). The inset background in Figure 1 shows the equilibrium distribution of the electronic charge in the X + 2 ion (ρ (r) = j Φ ⋆ j (r) Φ j (r)). Using the value of R 0 for X + 2 ion given above, we calculated equilibruim values of the energy of the electron orbital ε 0 and the hopping integral t 0 . The results are: −1.53949 Ry and −0.25823 Ry, respectively. The value of the variational parameter α 0 is equal to 0.66410 a −1 0 . For the H + 2 ion, we obtained: ε 0 = −1.69825 Ry, t 0 = −0.47312 Ry, and α 0 = 1.23803 a −1 0 . The full dependence of the energy of the electron orbital and the hopping integral on the intercore distance for the X + 2 cation is presented in Figure 2 . It can be seen that the energetic parameters of the Hamiltonian depend strongly on R.
Let the symbolÔ represent the operator corresponding to a given physical quantity. We determine the observables by means of the formula: Ô = w|Ô|w , where |w > denotes the eigenvector of the electronic Hamiltonian corresponding to the minimum value of the total energy [31] . As far as we consider the positively charged ion of the molecule with one-electron bond, only one observable is physically interesting -the occupation at site j: n j = n j = σ n jσ . Other observables either are the re-scaled n j values or take the zero value [25] . If we choose an electron with the upward directed spin, we can calculate n j analytically from the formulae: The same results we would obtain also for the downward directed spin. Let us discuss now the physical state of the XY + cation, the case of asymmetric distribution of the core charge (Z 1 = Z 2 ). Figure 3 illustrates the influence of the increasing charge asymmetry of the atomic cores constituting the XY + ion on the shape of the E T (R) function. One can notice that the equilibrium distance R 0 shortens with an increase in the parameter ∆Z = |Z 1 − Z 2 | (inset (a)). The dissociation energy E D at first slightly increases, then decreases (inset (b)). The equilibrium values of the electronic Hamiltonian parameters can be found in Table I . Figure 4 shows full trajectories of the energies of the electron orbital and the hopping integrals versus R for ∆Z = 0.6. The obtained results prove that the charge asymmetry of the atomic cores can induce great differences in values of the considered quantities. It should be also noticed that the change in the shape of the E T (R) function induced by the asymmetric distribution of the charge distribution on the atomic cores will result in the noticeable change in phonon properties and the values of the electron-phonon coupling function [33] . The influence of the charge asymmetry of atomic cores on the occupation at site j is represented in Figure 5 .
The selected values of n 1 and n 2 are gathered in Table I . We can observe the same probability of finding the electron on either core for the symmetric case Z 1 = Z 2 . As expected, the charge asymmetry increases the occupation at the atomic core with higher Z j value.
III. TIME EVOLUTION OF THE ENERGY OF THE ELECTRON ORBITAL AND THE HOPPING INTEGRAL
Variationally computed dependence of the total energy E T on the distance R models the effective potential of interaction between atomic cores in the cation. If the cores are additionally influenced by the harmonic force of the amplitude A and the frequency Ω, then the Newton equation which determines the dynamics of the considered system takes the form:
− A| cos (ΩT ) |, (22) where the quantity µ = M C1 M C2 / (M C1 + M C2 ) denotes the reduced mass of atomic cores. The minimum value of µ is obtained for the H + 2 cation and is equal to 918.076336 (in electron mass units m e ). For more complicated systems, the mass of a given core M C can be estimated from the formula: M C ∼ (n p + n n ) m p , where n p (n n ) represents the number of protons (and neutrons) contained in this core, m p is the proton rest mass. We neglected the contribution from the intercore electrons because m e ≪ m p .
It should be mentioned that we take into account only the case when the external harmonic force stretches the molecule. Therefore the absolute value symbol occurs in equation (22) . We do not analyse the case of the compressive force to exclude the possibility of the molecule rotation, which could proceed perpendicularly to the direction of the external force. This convenient limitation refers to the fact that the fundamental properties of the atomic core dynamics (e.g. the chaotic state occurrence) do not depend on the exciting force direction (its inward or outward orientation), but result from the strong nonlinearity of the effective intercore potential [6, 19] .
As we already know the total energy function E T (R) calculated from the first principles, we can solve the Newton equation. On the account of our interest in the chaotic behaviour of the molecule, we presented the adequately selected results for the intercore distance versus time in Figure 6 (a) . Precisely speaking, we took into account two trajectories, R 1 (T ) and R 2 (T ), which initially were 10 −6 a 0 apart. Additionally, we assumed that the value of Lyapunov time (T ) would be reached when the trajectories went apart as far as a distance of 10 −1 a 0 . The Lyapunov time for the case presented in Figure 6 (a) occurred to be T R = 9664.4 τ 0 .
The time dependence of the intercore distance correlates directly to the time dependence of electronic Hamiltonian parameters (the energy of the electron orbital ε and the hopping integral t). This results from the fact that these quantities depend directly from the distance R (see Figure 2 ). Let us notice that for the quasi-periodic functions, which are also very complicated, one obtains the discrete lines corresponding to the definite frequencies [6] .
The overall characteristics of the chaotic properties of the X + 2 cation is presented in diagrams 8 (a)-(c), where we plotted the values of the Lyapunov exponents (λ ∼ 1/T ), namely λ R , λ ε , and λ t , versus the amplitude A and the frequency Ω of the exciting force. It can be easily seen in the Figure 8 The presented model allows also to analyse the chaotic behaviour of the XY + -type cations, where the molecular bonding is realised by means of a single electron. Such cations can differ from the X + 2 cation with respect to the reduced mass µ (e.g. HF + , HCl + , HBr + , HI + ) and/or to the value of the |∆Z| parameter. Figures 9 and 10 present the exemplary diagrams of Lyapunov exponents for various values of the reduced core masses and for various values of the charge asymmetry parameter. Our re-sults prove that the chaotic behaviour of the considered group of cations has similar characteristics as the X + 2 ion.
IV. SUMMARY AND DISCUSSION OF RESULTS
In the work, we presented the determination of physical properties of the X + 2 and XY + molecules both with symmetric and the asymmetric charge distribution. The calculations were carried out within the formalism of second quantization [23, 24] , which is entirely equivalent to the analysis performed by means of the Schrödinger equation [26, 27, 28, 29] . Values of the electronic Hamiltonian energetic parameters (ε and t) were calculated in the variational manner [25] . We proved that the incerasing asymmetry of the charge distribution between the cation cores, modeled by the |∆Z| parameter, results in the perceptible shortening of the equilibrium intercore distance R 0 . An increase in the dissociation energy E D is observed for the ∆Z ranging from 0 to 0.2, but further growth of the asymmetry parameter value leads to the reduction of the dissociation energy. Additionally, the asymmetry of the effective positive core charge involves the strong assymetry of the electronic charge distribution, which is described by the occupation number at site j.
In the case when either X + 2 or XY + cations are subjected to vibration excited by the harmonic force F , the characteristic chaotic changes of the intercore distance R can be observed for some adequately selected values of the amplitude A and the frequency Ω. It should be emphasized that the chaotic behaviour of the examined systems results from the presence of the highly non-linear intercore potential, and not from the specific form (direction) of the exciting force. The comprehensive analysis of the atomic core system dynamics revealed that there exist coherent areas in the A-Ω parameter space for which the non-zero values of Lyapunov exponent λ R , related to the chaotic behaviour of the examined cations, can be found. The particularly large 'islands' of this type were revealed for the low excitation frequencies.
The characteristic changes of the intercore distance in the X + 2 and XY + cations induce directly the chaotic evolution of the electronic Hamiltonian energy parameters (ε and t). This fact does not mean that the dynamics of the electron is chaotic, because of the quantum nature of this object [6] . Nevertheless the time evolution of physical parameters of the electron can contain information about chaos occurring in the core system of the cation. This problem is currently investigated, but the task is rather complicated due to the necessity of analysing the Schrödinger equation in the explicitly time-dependent form.
It should be stressed finally, that neither the effective core mass change nor the change in charge distribution between the cores influences qualitatively the general structure of the λ R (A, Ω) or λ x (A, Ω) diagrams, where x = ε or x = t. Moreover, a great similarity between the λ R (A, Ω) and λ x (A, Ω) diagrams can be observed. 
